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Abstract. We show that the ground state of a polaron in a homogeneous magnetic field 
B and its energy are described by an efi'ective one-dimensional minimization problem in 
the limit B oo. This holds both in the linear Frohlich and in the non-linear Pekar model 
and makes rigorous an argument of Kochetov, Leschke and Smondyrev. 



1. Introduction and main results 

A central theme in mathematical physics is the derivation of effective equations for a 
given model in a certain asymptotic regime and the quantification of approximation errors. 
Remarkably, even when the original model is linear, the effective one often turns out to be 
non-linear. The purpose of our work here is to derive an effective non-linear one-dimensional 
equation for the ground state of a polaron in a strong magnetic field. 

A polaron describes an electron interacting with the quantized optical modes of a polar 
crystal, and a 'large' polaron refers to the case where the spatial extension of this polaron 
is large compared with the spacing of the underlying lattice. In this paper we consider a 
large polaron in the presence of a strong homogeneous magnetic field. This case has been 
extensively studied in the physics literature, typically under the name 'magnetopolaron', 
and we refer to the surveys jGL91tlDev96] for references and background information. We 
shall mention some specific results after having introduced our problem precisely. 

We consider two models for a polaron in a magnetic field. The first model, the so-called 
Frohlich model, involves a quantized phonon field. In this model the polaron energy is 
described by the Hamiltonian 



, . _ a| + f I + j ,k + I ala, M (1,1) 

acting in L^(R'^) (g) J^(L^(M'^)), and the ground state energy is given by the bottom of its 
spectrum 

E% = inf {(M/, f)^)i2(M3)^^ : WnLHR^)^^ = l,^e H\{R^) dom(VAA)} . 

(The superscript q stands for 'quantized'.) 

Here J- = J-"(L^(M'^)) denotes the bosonic Fock space over L^(]R^) with creation and 
annihilation operators and satisfying [ofc,a^/] = S{k — k') and [afc,afc/] = [a^,a|./] = 
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for all k, k' G M'^. The number operator J\f = Jjga a^afc dk describes the energy of the phonon 
field. The terms Hb — describe the kinetic energy of the electron, where 

Hb = i-idi + Ai{x))^ + (-182 + A2{x)f 

denotes the Landau Hamiltonian corresponding to a homogeneous magnetic field of strength 
-B > pointing in the xa-direction. The vector potential A can be chosen in the symmetric 
gauge 

A{xi,X2,X3) = — (-X2,2;i,0) . 

The space i/^(M^) is the corresponding magnetic Sobolev space of order one. Finally, the 
parameter a > in (jl.ip describes the strength of the interaction between the electron 
and the phonon field. We note that our normalization of a differs from the usual one, but 
makes our formulas easier. For details about the definition of as a self-adjoint operator in 
L2(]R^) (g)T{L'^{R^)) we refer the reader to |Nel64| . see also [MSOTj . 

The second model that we consider, the Pekar model, involves a classical phonon field. 
The polaron energy in this model is given by the (non-quadratic) functional 

£b[01 = + - ? // MWIW <i,rf, ,1,2) 



2 77k3xIR3 \x - y\ 
and the ground state energy is defined as 

E%=mi{£B[cp]:\m = lA(^H\(R^)} . 

(The superscript c stands for 'classical'.) 

It is interesting, although not necessary for our argument, that a minimizer for E'j^ exists. 
This was recently shown in [GHW12] . generalizing an earlier theorem in |Lie76] for B = 0. 

To understand the connection between the Pekar functional and the Frohlich Hamiltonian 
we note that for every G ff^(M^) with ||0|| = 1 



:i2 ,x , \/" /■/" o-i^) Jk x , a(^)„-ifc.x 



Sb^ = inf Hbc^) + {cj^, -di^) + ^ / / + ii;f^ \<t>{^)\ dxdk 

\ 27r 7Jr3xr3 \ \k\ \k\ / 



+ / \a{k)\'dk 

where the infimum is taken over all functions a on M^. This observation can be combined 
with an application of coherent states to show that 

E], < El (1.3) 

for all B and a. This argument is due to Pekar |PT5H[Pek63| . 

Our main results are large B asymptotics of both E'^ and E^. We shall prove 

Theorem 1.1 (Frohlich model). For every fixed a > 0, 

2 

El = B -'^{InBf + 0{{\nBf''^'^ as B ^ 00 . 

In the case of a classical field we are able to identify even a third term in the asymptotic 
expansion. 
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Theorem 1.2 (Pekar model). For every fixed a > 0, 

= B - — {InBy + —{lnB)(}nlnB) + 0{lnB) as B ^ oo . 
48 12 

Remark. By scahng it is easy to see that E'^ = a^£'^_2^, where Eb is the same as Eb but 
with a = 1 (see Section Thus, the asymptotics can also be written as 

^B = i^-^(ln|)%g(ln|)(lnln|)+0(a^ln|) as | ^ oo . 

The physics literature contains upper bounds on Eq and Eq of the form B — Ca^(lni?)^ 
with explicit but non-optimal constants C > 0; see |WPR76]ILM761ISai81j . These bounds 
are based on trial function computations. In [ KLS92] . Kochetov, Leschke and Smondyrev 
have argued that the correct constant for E^ should be — C = —1/48 (in our units). Our 
theorem verifies this prediction rigorously. 

Let us explain the physical intuition behind this problem and how the constant —1/48 
arises. As i? — )• oo the motion of the electron is so fast with respect to that of the phonons 
(which we have fixed to be of order one) that it becomes uncorrelated. This was the ap- 
proximation in Pekar's inequality (|1.3p and thus we may expect E^ and E^ to have the 
same leading order behavior. Because there is no correlation, the electron can be treated 
separately from the field. For energetic reasons the electron will be confined to the lowest 
Landau level in the plane orthogonal to the magnetic field. This corresponds to a spatial 
extension of order B~^^'^ in this plane. The shape of the electron density with respect to 
the X3-direction parallel to the magnetic field is most easily understood in the Pekar model. 
For smooth functions p > on with p dx± = 1 we have 

as — 7- oo. (Here we wrote x = (xj_,X3) G x M.) This suggests that the energy due to 
the motion in the xs-direction is given by the one-dimensional effective Pekar functional 



flffdx,-'^ [\f\Ux,. 



It turns out that the minimization problem for the latter functional can be solved explicitly 
and one obtains 

alnB /■ , ,,4 , /■ I .12 , A a2(ln5)2 



infj/ Iffdxs-^ [ \f\Ux,: [ |/Pdx3 = l| 
Ur Jr Jr ) 



48 



This is the desired second term in our Theorems 11.11 and II. 2[ 

Note also that the minimizer of the one-dimensional functional is localized on the scale 
(lnB)~^. This suggests that the electron density of a polaron in a strong magnetic field has 
the shape of a prolate ellipsoid with characteristic lengths B~^/'^ and (lni?)~^. 

Remarkably, the one-dimensional polaron was introduced by Gross |Gro76j as a toy model 
for the three-dimensional problem, independently of any connection with magnetic fields. His 
paper also contains the solution of the one-dimensional minimization problem, although in 
the mathematical literature it can be traced back at least to [vSN41] . As we have already 
mentioned, the connection between the one-dimensional polaron and the three-dimensional 
magnetopolaron is due to Kochetov, Leschke and Smondyrev |KLS92] . 
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The above heuristics emphasize, in particular, that the motion in the direction of the 
xa-axis differs cruciaUy from the motion in the transverse plane. In the polaron context this 
observation is attributed to |Kuk73j . A similar phenomenon occurs in other problems with 
a strong magnetic field, for example, for the one-electron atom, as treated by Avron, Herbst 
and Simon [AHSSlj . or for iV-electron atoms, as treated by Lieb, Solovej and Yngvason 
|LSY94j and Baumgartner, Solovej and Yngvason |BSYOO| . 

This paper is organized as follows. For pedagogic reasons we begin with the proof of 
the energy asymptotics in the Pekar model. In the next section we derive initial estimates 
on the Coulomb energy. In Section [3] we explain the relation of these bounds to the above 
minimization problem in one dimension. We prove Theorem 11.21 in Section [H First we 
derive an upper bound on E'^ by choosing an appropriate trial function. Then we refine 
the estimate on the Coulomb energy after projecting to the lowest Landau level and we use 
this to prove the lower bound on . The claim of Theorem 11.21 follows directly from (j4.ip , 
Corollarv 14.11 and Theorem 14. 2 [ 

Theorem 11.11 about the energy asymptotics in the Frohlich model are proved in Section 
[5] and Section [6j The upper bound follows immediately from (jl.Sp . The proof of the lower 
bound consists of a reduction to the lowest Landau level, which accomplished in Section [U 
and the analysis on that level. The main result in the latter analysis is Proposition 15.51 
which is proved in Section [6j 

Notation. The letter C stands for a positive constant whose value may change from line 
to line. The norm || • || denotes the standard norm in L^(M'^) where d = 1,2,3 is clear from 
the context. 

2. Bounds on the Coulomb energy 

First we establish some basic estimates and show that the energy functional £b from ()1.2p 
is well-defined on H\{^^). Let us introduce the notation 



^JJr»xR3 \x-y\ 
The Hardy-Littlewood-Sobolev inequality (see, e.g., [LLOlj ). 



D 



together with the Holder inequality, then the Sobolev inequality, and finally the diamagnetic 
inequality yields 

DM'', l^l') < CUfUh < C||c/>f IIVI0III < C\\<pf\\i-iV + A)<p\\ < oo (2.1) 

for 4> G H\{M.^). This bound easily implies that E'^ > — oo. 

We also record the following bounds for later use. For any cp £ H^{W^) and a.e. x = 
(x_L, X3) G X M we have 



X3 



\HxL,X3)\=Re( I {dt(t)){xL,t)^{x^,t)dt- idt(l))ix±,t)(Pix^,t)dt 

\ 1/2 / /. \ 1/2 

< ( / \{dt<P)ix^,t)\''dt] / \^ix^,t)\^dt] (2.2) 
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and, therefore, 

\'Pix±,X3)\^dx^<( [ [ \{dt<P)ix±,t)\^dtdx±) ' (I [ \cP{x±,t)\^dtdXA_) ' 

= \\m\m- (2.3) 

Following |LSY94j we now prove an estimate on In Section [3] we will see 

that the main term of this bound leads to the second term of the asymptotics of E"^. 

Proposition 2.1. For cj) G i/j^(M^) and B > 1 we have 



^(HM<^P)=(^-lnlni?) 1^ 
with remainder terms 

InB 



A 

2 

2 



\4>{x±,X3)\ dx± 



dxs + R^^\cl)) + R^^\cl)) 



and 



Rb\^)= // \Hx±,X3)\'^\(p{y±,xs)\'^KB{x±-y±)dy±dx±dx3^ 



Here Kb is given by 



Kb{x±) = In (^1 + Vl + (lnB)|2|x^|2j - In i^y/B\x±\j . 
Proof. First, we rewrite 

" ^' ' dydx-—- / / \4>{y^,X3)\^dy^dx 



"^JJ \x-y\ 2 

^""^ /M^±#dy- / \Hx± + y±,xsrdy^]dx 



2 J \J \y\lnB 

InB 



J \cj){x)\^ (rg)(x) + rg)(x) + rg)(x)) dx (2.4) 



with 



(2)i . f \Hx + y)\^-\Hx± + y±,xs)W 

rB{x)= 1 11 „ dy, 



'^b\^)=[ \Hx± + y±,X3)\'^ i [ I ,} ry dys - A dy± . 

Jm.2 yj\y.^i<i/i^B \y\^riB J 

We immediately see that for all x E M'^ 

\ri\x)\<Uf. (2.5) 

(2) 

To estimate (x) we use the fact that 
||(/>(x + y)|2-|0(xx+y±,X3)P| 

< |(/)(x_L +y±,X3 +ys) - (/>(x_L +?/±,X3)||(/)(x_L + y±,X3 + 2/3) + (/)(X_L +y±,X3)| . 
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The first factor is bounded by 



yal / \d3Hx± + y±,t)rdt 



1/2 



and by (j2.2p the second factor is bounded by 

1/4 



1/4 



It follows that for a.e. x € 



\ 3/4 



1/4 



93</'(y±,t)r<it / \Hy±,t)rdt] dy^ 



rdy-i 



\d3(t)iy±,t)\ dt 



3/4 



(lnS)3/2 

and applying the Holder inequality yields 

|rg)(x)| <8(lni?)-3/2||a3,/.f/2||0||i/2 

(3) 

Finally, to evaluate (x), we calculate 



1/4 

\Hy±,tTdt] dy. 



/ 



ls/3|<i/lnB \y\ InS In-B 
Hence, we get 



^ dys = (in (l + v^(ln5)2|y_L|2 + l) -ln|y^| - InlnS 



and it follows that 



y-i\<i/\nB \y\ InS 
2 



^ dys - 1 = - lnln5) 



ln5 



InB 



If we now put 



/ |'/'(2/±,a;3)P(i^B(x_L - y±) - lnlnB)dy_i 
6(x)p (r^j^\x) + r^^\x)) dx 



InB 



and 



i?g) (</,) = i^l^ [ \^{x)\^r'^^\x)dx + lnlnB I 



then the claim follows from ([23]), ([23]), (USD, and ([2771) . 

3. The one-dimensional functional 



|(/>(x_L,X3)p(ixj 



(2.6) 



(2.7) 



□ 



In order to motivate the material in this section, let us neglect for a moment the remainder 
terms in Proposition 12.11 and let us assume that </)(x_l,X3) = g{x _\_) f {x'i) with ||5'||l2( 
= 1. Then Proposition 12. II would imply 



£B[4>]-{9,HBg)+ I \{dMx3)?dx;-CB [ \f{x3tdx3 
with Cb = {lnB)/2 — Inlni?. It is well known that the Landau Hamiltonian satisfies 



inf {g,HBg)=B. 
Ilffll=i 
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Thus, to prove our result under the simphfying assumptions made above it would remain to 
establish that the infimum of the one-dimensional functional J-^ \f'(t)\'^dt — Cb /jg \f{t)\'^dt is 
given by — C^/12. In fact, this result is implicitly contained in [vSN41] . We formulate this 
result as follows. 

Lemma 3.1. Let a,b > 0. Then 



inf 



\nt)\^dt - b / \f{ttdt : / = a = -- 



12 



and the infimum is attained at 



fa,b{t) 



iVb 



2 V 



/ , abt 
{ cosh 



Proof. This follows from the estimate |vSN41] 

yW'WaWl^' >Cq\\g\\q, 

where 



1 1 
2~q 



>2, 



(3.1) 



Cg = {qey 



-1/9 



2 + 



{2+g0)/2g 



' ^/2r(3/2 + l/qO) \ 

r(3/2)r(i + i/qO) ) 



For g = 4 we have 9 = 1/4 and Q = S^/^. Given / with \\f\\l = o we set f{t) = VXg{\t) 
for A > 0, so that WqW"^ = a and 



/ \f{t)\Ht = \^ / Wity-'dt-bX / \g{t)\Ut> 



b^ 



Ml 



4 Wg'Wl 



where the last estimate follows from minimizing in A > 0. From (13. ip we learn that 
Ilfl'll4llfi''ll2'^ — ^4^^115112 ~ a^/3. This yields the first claim. The fact that the infimum 
is attained at fa^b can be checked by an elementary calculation. □ 

We conclude that the main term of Proposition 12.11 leads to a sharp lower bound, even if 
(p is not given as a product: 



Corollary 3.2. For cj) G H\{R^) and b > 



\4>ix±,X3)\'^dx± 



dx-i > 

^ - 12 



Proof. For X3 G M let us introduce the function 



/(^3) 



|0(x_L,X3)|^dxj 



1/2 



such that 



\Hx±,X3)\'^dx± 



dx^ 



\f{x3tdx3 



Moreover, by the Schwarz inequality we get |(?3/(a:3)p < f^2 \d3cl){x±,xs)\'^dx± and thus 
/jg |53/(x3)p(ix3 < ||53(/)|p. Applying Lemma O yields 



1^3 



ix±,X3)\ dx^ 



dxs > [ \d3f{xs)\^dxs - b f |/(x3)|"dx3 > 



This finishes the proof. 



□ 
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4. Proof of Theorem 11.21 

Let us first explain that it suffices to prove Theorem 11.21 for a = 1. To this end we want 
to make the dependence on a explicit and write Es^a and ^ for Eb and E'^, respectively. 

Assume that 4) S -ff^(M^) is normalized. Then = o?I'^(^(olx) is also normalized and 

we have D{\(^^\^ Mc?) = a^'d^lM'/'P) and (i^B - = a''{(t>,{H^-2B - a|)<^). 

Hence, we find EB,a[4>a\ = ct^-^a-^B,! [0] and, in particular, 

(4.1) 

Thus, for the remainder of this section we assume a = 1. 



4.1. The upper bound. The considerations in Section [3] suggest to derive an upper bound 
on Eb using the trial function 

-1 



^b{x^,x^) = y — exp I - 



2^/2 



cosh 



lni?| X3 



Note that this function is of the form g{x±)f{x3), where 5 is a ground state of the Landau 
Hamiltonian Hb and / = /ijinB|/2 '^as introduced in Lemma |3.1[ 

Corollary 4.1. There is a constant C > such that for B > 1 the estimate 
E% < Eb[^b\ <B- ^ (In 5)2 + ^(lnS)(lnlnS) + Cln5 

holds. 

Proof. By elementary calculations we see that \\^b\\ = 1 and {lpb,Hb^b) = B. Moreover, 
the results in Section [3] show that 



1 /In 5 



In In 5 

2 



|(/7B(x_L,a;3)|2dx_L 



In In 5 



< 



12 



(lnB)2 ^ (lnB)(lnlnS) 



48 



12 



Thus, Proposition 12.11 vields 



^ r 1 „ (In 5)2 (In 5) (In In 5) , m „(2). ^ 



48 



12 



Since ||9393_b|| < Clni?, we have \R^^\ipB)\ < Clni?. Moreover, we bound Kb{x±) > 



— (2\ 

— ln+(V-B|x_L|) and deduce that {(Pb) > —ClnB. This proves Corollary 14.11 



□ 



4.2. The lower bound. In this subsection we supplement the upper bound in Corollary 14. II 
with a corresponding lower bound. Theorem 11.21 follows directly from these two results. 



Theorem 4.2. There is a constant C > such that for all B >C the estimate 



E%>B- —{liiBf + — (lnS)(lnlnS) - C\nB 
48 12 



holds. 
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To derive this estimate we first project in the first two coordinates onto the ground state of 
the two-dimensional Landau Hamiltonian Hb- We recall (see, e.g., |LL76] ) that the projector 
onto the lowest Landau level is given by the integral operator Pq in L^(M^) with integral 
kernel 

2tt 

We use the same notation for this operator acting in (and, later, in L^(M'^) J^). 

Since Pq commutes with Hb and ^3, we have 

+ A)<pf = Wi-iV + A)Po<pf + ||(-iV + A)Py<l>f , (4.3) 

where P> = 1 — Pq. 

We now write V"*" = {81,82) and A-^ = {Ai, ^2). Since Pq projects onto the lowest Landau 
level, we have HbPq = BPq and, thus, 

+ A^)Po<pf = B\\Pon\ (4.4) 

Moreover, the structure of the spectrum of the Landau Hamiltonian implies that 

\\{-iV^ + A^)Pycl>f >3B\\Pycl>f . (4.5) 

The following lemma shows how -D(|(/)p, \ behaves when we project to the lowest 
Landau level. For this term there appear off-diagonal terms, however, they can be bounded 
by the diagonal terms. 

Lemma 4.3. There is a constant C > such that for all (p and for all < t < 1, 

DM^, \<P\^) < (1 + r)Z)(|Po<Al', \Poc^\^) + Ct-3d(|P>0|2, |P>0|2) . 
Proof. First we note that for a.e. x G and e > 

|(/.(x)|2 = |Po0(x) + P>0(x)|2 < (1 + e)|Po(/.(x)|2 + f 1 + |P>0(x)'2 
By definition of D we get for all e > 

DM^, \cp\^) < (1 + efD{\PocP\^, |Po<Ap) + ( 1 + - ) Di\P^^\-\ |P>c 



e 



1X2 



e 



+ (1 + 6) (1 + ^) (i?(|Po0|^ \p><p\') + z)(|p></'p, mi'')) . (4.6) 

To estimate the last term we use the fact that D is positive definite: For all functions / and 
g in the domain of D we have 

D{f, g) + D{g, f) = D{f, f) + D{g, g) -D{f-g,f-g)< D{f, f) + D{g, g) . 
We apply this estimate with / = \/5|Po0p and g = \/^^|P></>p and we obtain, for all 6 > 0, 
Z)(|Po0p, |P></.|2) + I)(|P>(/>|2, |Po</,|2) < 6D{\Po<P\\ |Po(/>|2) + ^Di\Py<p\^, |P>,^|2) . 

We can choose for example 6 = e^/(l -|- e). Then inserting this bound into ()4.6p yields 

D(|0|2, \<p\^) < (1 + 3e + 2e'')D{\Po<P\^ \Po<P\') + (1 + e)\l + 2e)e-'Di\P><p\^ |P></>|2) 
and the claim follows with t = 3e + 2e^. □ 



10 R. FRANK AND L. GEISINGER 

After projecting to the lowest Landau level we want to apply Proposition 12.11 and Corol- 
laryOto estimate DdPo'/'lM^o^P)- First we need the following bound on the remainder 
term R^^\Po(p). 

Lemma 4.4. There is a constant C > such that for all (p £ Hj^CK^) and B > 1 

R^B\P0Ct>) < C\\Po(l)f\\d3Poct>\\ , 
where was introduced in Proposition \2.1[ 

Proof. For x± G let xb{x±) denote the characteristic function of the set < 

We decompose Kb{x±) = K^j^\x±) + K^^\x±) with Kb defined in Proposition 12.11 Here 

we put 

K^j^\x^) = In (l + Vl + (lnS)2|xx|2) - In (yB\x^\^ (1 - xb{x±)) 

and 

K^Bi^±) = - In Xb{x±) . 

We note that these kernels satisfy the bounds 

K^si'^^) < In (l + + B-\lnB)^^ < C 

for all xj_ e and all S > 1 and 



^ (4.7) 



^(2) 

^ LHM.^) s/B 

for all -B > 1 (with a constant C independent of B). To estimate the first summand we use 
([O]) and get 

|^'o</'(x±,X3)|Vo'/'(y±,a;3)|'i^2^(xx -y±)dxx(iy±dx3 < CUPo'/'f II^sPq'/'II • 

2 

Hence, it remains to estimate R^ [Pqc/)) that is defined in the same way as i?^ (Po<A) but 

(2) 

with Kb replaced by K^ . 

Let us fix X3 S M and to simplify notation write tpixx) = Pocl){x±,X3) for x± G M?. In 
view of (|4.7p we can apply the Schwarz inequality to get 




M2x]R2 



mxL)\''my±tK^B\^^ - y^)dxLdy± 
k^b\^±) I \^{x± + y±)?\'>P{y±)?dy^dx_ 

' JR2 



< -^||F||i2(K2), (4.8) 



where 

F{x^)= I mx± + y±)\^my±)\^dy^- 

Now we estimate 



(R2) < ||F||ioc(IR2)^jF(x_L)|(ix^ < ||V'llicx,(R2)||V'lli2 
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and it remains to estimate ||V'||_loo(ir2). The definition of tp and the fact that Pg = Pq imphes 
x>(R2) < esssup / \Po{x±,y±)\\Po4>{y_L,xs)\dy± 



< ess sup 



]R2 



\Po{x±,y±)\'^dy_i 




1/2 



1/2 



R2 



\Po4>iy±,X3)\'^dyA 



1/2 



\Po4>iy±^X3)\'^dy^ 



where we used the exphcit representation of Pq, see (j4.2p . to deduce the last identity. It 
fohows that 



I^IIl2(m2) < Y ^ \Po4'{y±,X3)\'^dy±^ 



(4.9) 



Since 2:3 G M was chosen arbitrarily we can use (j4.8|) and (j4.9p to estimate 



R2xM2 



|Po(/'(2;±,a;3)p|Po0(y±,y3)P-?^B''(2;± - y±)dx±dy^dx3 



< C 



\PoHy±^X3)\'^dy±] dx3. 



Hence, the claim follows from (|2.3p . 

Now we are in position to prove the lower bound. 

Proof of Theorem \4-^ First we project onto the lowest Landau level. We choose (j) G H\ 
with 1 1 01 1 = 1 and from (j4.3p and Lemma 14.31 we get 

SB[ct>\ > ||(-^V^ + A^)Po<f>f + ||c?3Po</'f + ||(-iV + ^)P>0f + ||53P></.f 
- (1 + T)D{m\^ - C7r-3Z)(|P>0|2, |P>0|2) 

for all < T < 1. We insert g3]) and use ([H]) to estimate i:'(|P>(/)|MP>(?:)p) 
rewriting P||Po(/)|p = B — P||P>(/)|p we have 



□ 



After 



Sb^ >B+ \\d3P0cpf - (1 + r)D(|Po0|2, |Po0|2) - P||P-,-^H2 



+ 



-iV^ + ^^)P> 



+ l|53P>( 



Ct-HP-^M'I 



-iV + yl)P>( 



(4.10) 



Let us first estimate the terms that involve Pof/*- We introduce a small parameter < e < 1 
and recall the notation Cb = (lnP)/2 — In In P. From Proposition 12.11 and Lemma 14.41 it 
follows that 



||53Po</.f - (1 + t)P(|Po<^|MPo0|2) 
>(l-e)||a3Po</.f -(1 + t)Cb 

+ e\\d3Po<pf -C{1 + t) (lnB + 



\Po(l){x±,X3)\'^dx± 



dX3 



d3Po(l)f^^ + \\d3Po^ 



(lnP)V2"--"- -.^uv^,,,. (4.11) 

Here we used the fact that ||Po</'|| < \\4>\\ = 1 to simplify the error term. By Corollary [3? 
we have 



{l-e)\\d3Pocl)f -{1 + t)Cb [ [ \Po4>{x±,X3)\^dxj 

JR JR2 



dX3 > 
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If we choose e and r bounded by 1 and comparable to (InB)^^ for large B, we see that the 
coefficient on the right-hand side is bounded below by 

Cl ^ {\nBf (lni?)(lnlni?) 

12 \nB - 48 12 
We claim that with this choice of e and r, all terms in the last line of (|4.1ip are bounded 
below by —C\q.B. Indeed, we can minimize in H^sPq'/'II- In particular, we find 

- c^^WWMF' > -c41±^ > -cms 



and 



^WdsPocPf - C(l + T)\\dsPon > -C^ii^ >-ClnB. 



Combining these estimate with (j4.1ip we arrive at 

mPM-' - (1 + r)Dm4'. I £ + (^-BXlnlnB) ^^ ^^^ 

It remains to show that all terms of (|4.1U|) that involve P>(f) are bounded below by —C In B. 
We introduce another small parameter < p < 1 and use the bound (j4.5p to estimate 

||(_iV^ + A^)P^<pf - i?||P></.f - CT-3||P>0f||(-iV^ + ^^)P>0|| 

= (1 - p)||Hv^ + ^^)P>0f - i3||P></'f + pIIHv^ + A^)p^cpf 

> ((1 - p)3B - B) ||P>,/.||2 + p\\{-iV^ + A^)P^<pf - CT-3||P>0f||(-zV^ + A^)P^<P\\ 
>B{2- 3p) ||P></.f - CT-<'p-'\\P^^^ , 

where the last estimate follows from minimizing in ||(— zV^ + A^)Py(j)\\. Since ||-P>(/'|| < 1 
and since r is comparable to {lnB)~^ we can choose p comparable to \\P^(f)\\'^ /{t^^/B) and 
get 

||(_iV^ + A^)P></.|P - BWPycPf - CT-^Py<pf\\{-iV^ + A^)PycP\\ 



> 2B\\P^(j)f - C7/b||P>(^||V 



-3 



To estimate the remaining terms of (j4.10p we note that 

\\d3P>ci>f - CT-^p>^^\\^sP>^ > -cr-^p^cpf . 

Thus all terms of ()4.10p that involve P>(/> are bounded below by 

2S||P><Af - C (^^^3^^ + ^P^^ > \\P>H' {2B - C [^{InBf + (Ini?)^)) , 

since ||P>(^|| < 1 and r is comparable to (lni?)~^. For large B the right-hand side is positive. 
This finishes the proof. □ 

Remark. The above proof also gives bounds on almost minimizers. More precisely, for any 
M > there is a constant Cm > such that for all B > e and all (/) G ff^(M^) with 

£b[(P] <B- —{InBf + — (lnS)(lnln5) + MlnB 
48 12 
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one has H^aPo^f < CM{\nBf and 

||(-zV^ + ^^)P></)f + B||P>0f + ||53P>0f < CulnB. 

Indeed, under the almost minimizing assumption ah the error terms in the proof of the lower 
bound are bounded by a constant times In P. This easily leads to the stated bounds. 

5. The ground state energy of the operator i) 

In this section we outline the proof of Theorem 11.11 and reduce it to the proof of Proposi- 
tion [531 which is the topic of the following section. 

The upper bound for E"^ stated in Theorem 11.11 follows from the simple fact that is 
always bounded from above by E'j^; see |PT5HlPek63) and the discussion in the introduction. 
Hence, from Theorem 11.21 we obtain that there is a constant C > such that for all i? > C 

E% <B-—{lnB)^ + —{\nB){lnlnB) + ClnB. (5.1) 



We proceed to the proof of the lower bound for E^. The first step in the proof is to 
introduce a cut-off in phonon space. For A; G we write k = {k±, k^) G x M and for a 
parameter /C > Sa/vr we set = {A; G M'^ : max(|/i:^|, |A;3|) < /C}. Then we introduce the 
operator 

+ ^ / alukdk + l; I alakdk. (5.2) 

(The superscrip 'co' stands for cut-off.) We shall prove 

Lemma 5.1. For any fC > Sa/vr we have f) > f)^ — 1/4. 

Proof. We follow the strategy developed in |LY58) . For j = 1, 2, 3 we write 

a f k^ 



with F^ = R3 \ r;c, so that 

The expectation (•) in any (normalized) state satisfies 

- E ( i-^d, - A„Z, -Z;])<2 {Hs - dlf" (-(Z - l^ff" 
i=i 

<2{Hb- diy^^ (2(Z*Z + ZZ*))^/2 ^ 
where Z denotes the vector (Zi, Z2, Z^). It follows that for all r > 

3 2 
- + ^v^i - ^j] <r{HB- di) + - (Z*Z + ZZ*) 

i=l ^ 
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and we claim that 

Z*Z + ZZ* < ^ a^afedfc + ^ . (5.4) 
Combining these estimates with (|5.3p and choosing r = Sa/irIC we obtain 

^ 4 (h^"' ^ il'"" ') ^ f'^'' - '''' - 5 4 - 1 ■ 

which is the claimed lower bound. 

Hence, it remains prove (|5.4p . By definition, 

'^•^>=i^44ww^"""'*°^*'''""'- 

We estimate (a^Ofc/) < (alak)^^"^ {al,ak')^^'^ and apply the Schwarz inequality to get 




To estimate ZZ* we note that a^a^, = a^,ak + 6{k — k') and we can argue in the same way 
as above. This establishes ()5.4p and completes the proof. □ 



Next, we prove a lower bound on f) which shows already the correct order of the second 
term of E"^. Later, we will use this to estimate the contribution of states that are not 
in the lowest Landau level. Recall that Pq denotes the projection onto the lowest Landau 
level, see (|4.2p . and that P> = 1 — Pq. We also write Pq for the operator Pq 1 I m 

L2(M2)(g)L2(M)(^J-. 

Lemma 5.2. There is a constant C > such that for all B > C 

i)>BPo + 3BP> + alok dk - C{\nBf . 

Proof. To prove this estimate we need to treat phonon modes in the fcs-direction differently 
from modes in the ki- and A;2-directions. 

First, we bound the contribution to \f£ that comes from {|fe| E L/c, jfes] < /C3}, where we 
choose /C = B/ihiBf and /C3 = 16a| In^l/vr. Note that for all A; G we have 

( V2a ifc.xA , \/2a 

1^V2 27r|fe|' J1^V2 27r|fe|' J"^' 
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This implies that, for B large enough, 



fc3l<^3 Ak±\^<ic^ V2 27r \k\ 2-K \k\ 



27r2 ./|fc3|</c3 J\k_L\2<K2 IfcP 



In d/ca 



^ Jo "' V 

> /C3I ln/C| . 

vr 

We combine this estimate with Lemma 15.11 and we see that for B large enough 
8a(lnB)2\ 2^ , f f j^.^ , \/a at 



H — / alakdk-\ — / alak dk — C {In B)'^ . (5-5) 

Here and in the remainder of this proof all integrals without specified domain of integration 
are over {\k±\ < /C,/C3 < \ks\ <JC}. 

Now we proceed similarly as in Lemma |5. II Here we set 



2vr J \k\k 

and obtain 



Applying the Schwarz inequality in the same way as above yields 

A{Z*Z + ZZ*) ^J^dk (I alakdk + 1^ < 1 alakdk + ^ 



where we used the estimate 

1 1 



/ / 



^ 1'^ l^in(^i±S]dk 



dk±dk3 



^ U2 \ u2 
IC3 '^3 V '^'3 



■3 

TT ln(/C2 + /C2) ln(2/C2) 2 arctan(/C3//C) 



2/C /C3 /C 

2 



vr 

valid for B large enough. We put these estimates together and from (j5.5p we obtain, for 



It remains to note that, for B large enough, we have 

1 8a(ln5)2 



2 7r5 



5|) > 
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and 



1 - '-^^] Hs=(l- ^^^) (HsP, + HsP.) > BP, + 3FP> - C(ln Bf 



ttB J \ ttB 

This completes the proof. □ 

Now we combine the previous lemma with the upper bound (jS.ip on E'^. Note that this 
bound ensures that for every M > — there are states ^ G i/^(M^) (8> dom{\0^) that 
satisfy 

(^',f}^')i2(iR3w^<5 + M(lnS)2, ||1'||i2(K3)55^ = l. (5.6) 



Corollary 5.3. For every M € M there is a constant Cm > such that for every B > Cm 
and every ^ G H\{m?) (g) dom(V^) satisfying i^M) one has 

\\P>nUR^)^T<CM{lnBfB-^ 

and 

{^,M^)L2r^S)^^<CM{lnBf. 



Proof. If we combine the lower bound derived in Lemma 15.21 with the upper bound (15. 6p we 
obtain 

S||Po^f + 3B\\P>^f + ^(^,AA^') <B + {M + C){lnBf 

for B > C. Thus, the claim follows from the identity ||Po'J'|P = 1 ~ ll-f>^lP ^^'^ from the 
fact that M is non-negative. □ 

Given the bounds of Corollary 15.31 we can reduce the problem to the lowest Landau level. 
The reduction lemma reads as follows. 

Lemma 5.4. There is a constant C > such that the following holds. For every M G M 
there is a Cm > such that for every B > Cm and every ^ G H\(^^)®dovD.{^/l\f) satisfying 
()5.6p one has for every C < JC < C^^B 



f)^)i2(M3)«^ > (^0^, hKPo-^)L^m^T + BWP^nLHm^T - CM{lnB)WlCB-^ - \ . 

Proof. We note that the operators Hb-, —d^, and M all commute with Pq. Hence, we can 
apply Lemma 15.11 to estimate 

t> > PaflfPa + P,tl'^P> + Po^ ^ (^e"'-" + ^f'""') 



We estimate the terms on the right side individually, first the diagonal term P>f)^P>. For 
a lower bound we complete the square in the interaction term. Similarly as in the proof of 
Lemma 15.21 we have, for G M^, 



2tt \k\ 2-K \k\ - 47r2|/c|2 

and we find 

P>t)''^P> ^ (l - ^) HbP> - 4;^^^^> > {^B - CBK-' - CJC) P> , 
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where we used that 

, / — 

|fc3|</C J\k^\<K I^P 

Thus the bounds on /C imply 



dk_i_dk3 = 7r/C(21n(2) +7r) . 



(5.8) 



for B large enough. 

We proceed to estimating the off-diagonal terms. For fixed x G let us define the 
function 



a 



ik-x 



2-K\k\ 



XK.{k), ke 



where XK denotes the characteristic function of Fjc- Note that f/c^x is in 
C\fK,, independent of x. Hence, we can rewrite the operator 

^k ik-x 



with 



flC,x\ 



< 



27r 



\k\ 



Let us recall the bound 



(5.9) 



(5.10) 



valid for all <I> G dom(vAA). Using notation ()5.9p we can write 
[ ^e^'-dkP,A 



27r 



for any ^ ^ L' 



27r 



{{Po^){x),a{f!c,x)iP>-^){x))^dx 

{a* {fK,x) {Po^){x), {P>^){x))-^dx 
T . Now the bound (jS.lOp allows us to estimate 

< / ||a*(/c,,)(Po^)(x)|b||(P>*)(x)||^dx 

1/2 



^e'^''dkP>^ 



L2 



\a* {fK,x){Po'^){xmdx 



< CM\/^||-P>^'||L2m3)cg,jr||VAA+ lPo^||L2(M3)^jr . 



We combine this estimate with Corollary 15.31 and obtain that any state ^ satisfying (j5.6p 
also satisfies 



2tt 



^'^0— / ^e'^'^dkP^^ 



1^1 



< CM(lnP)V/C5-i 



(5.11) 



for B large enough. Similarly, we can estimate the remaining three interaction terms. Thus, 
(|5.7p . (j5.8j) and (15. lip yield the claimed lower bound. □ 



In view of Lemma [5.4l we can work in the lowest Landau level and we have to find a lower 
bound on the operator Po^)™-Po- This is accomplished in the in following proposition, which 
plays a similar role as Proposition 12.11 in the analysis of the functional £b and which lies at 
the heart of the proof of Theorem 11.11 
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The definition of f)^, see ()5.2p . implies 

C>«(i?B-5|) + ^^ (^^e^fc- + ^e-^-)dA; + ^ ala.dk (5.12) 

with K = 1 — Sa/vr/C. Here we used the fact that the operator a^a^ is non-negative for 
all E M^. We note that the following proposition is also valid for the operator on the 
right-hand side of (j5.12p with an arbitrary choice of k, not necessarily the one made above. 

Proposition 5.5. There is a constant C > such that for all B, k, and K, satisfying B >C , 
C(ln B)-V2 < K < In B, and IC > y/B one has 

m'^^Po > (^.B - - CK-'/\lnB)y^^ Po . 

We defer the proof of this result to the following Section [6l Here we show how to deduce 
Theorem 1 1 . 1 1 from Proposition 15.51 together with the previous results in this section. 

Proof of Theorem We have already discussed the proof of the upper bound at the be- 
ginning of this section and we now focus on the lower bound. According to the upper bound 
there are ^ G //^^(M^) (g) dom{VAf) satisfying (|5.6p with any fixed M > -a^/48, and it 
suffices to prove a lower bound on f)^) for such ^. 

It follows from Lemma 15.41 and Proposition 15.51 that for such ^ 

m >kB- (^^^^ + CK-i/2(ln 5)3/2 j ||p^^||2 _ ^'(in BfVlCB^ - C 
with K = 1 — 8a/(7r/C), where we choose K. = B{\ii.B)~'^/^ . We bound ||Po^|| 1^ 1 a-nd obtain 

{^m>B-'^^^-C{\nBfl\ 
which is the claimed lower bound in Theorem ll.il □ 



6. Proof of Proposition 15.51 

In this section we establish Proposition 15.51 which lies at the heart of Theorem 11.11 The 
proof consists of two main steps. In the first step we replace the phonon field a^, k G M'^, 
by an effective phonon field d^g, which only depends on a one- dimensional parameter k^. 
Moreover, the electron-phonon coupling is changed from to an effective coupling v{k^), 
which is almost constant and grows logarithmically with B. The precise statement is given in 
Lemma 16.41 The second step in the proof of Proposition 15.51 is the analysis of an essentially 
one-dimensional problem, see Subsections 16.41 and 16.51 Here we can follow a one-dimensional 
version of the strategy developed in |LT97] : see also |Ghal2] . 

We recall the estimate on {)™ from (|5.12p . We begin our lower bound on Pq^'^Pq by 
introducing ultra-violet cut-offs, similarly as in the proof of Lemma 15. 1[ The fact that f)^ 
is sandwiched by projections Pq) however, allows us to choose these cut-offs more carefully 
and, in particular, to distinguish between the directions k^ and k^,. 
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6.1. Projection onto Pq. We begin by deriving a convenient representation of Poe'^'^-'-'^-'-PQ. 
For k± G let us define the integral operator /^^ in L^(]R^) with integral kernel 

Again we also write 1^^ for the operator Ij.^ 1 (g) 1 on L^(]R^) L^(IR) T. 
Lemma 6.1. For k± G we have 

Moreover, the operator I}^^ is bounded with ||/fcj^|| < le^^-'-^^^^^ . 
Proof. The first claim follows from (|4.2p . which leads to the identity 

To prove the second claim we estimate \Ik±{x±,y±)\ < Ik±{x± — y±), where 

zvr 



Hence, by Young's inequality, for (j) £ L 

\\ik^<i>f<\\ik^*\m'<\\ikjh 

and the claim follows from the estimate H-^fc^ ||l1(r2) < 2el*^^l^/^^. □ 
In view of Lemma |6. II we can write, for all k £ M^, 

p ik xp — p J -\k^\^/2BJk3X3 p \ 
Jkl ~ Wl 

and similarly for the hermitian conjugate. 

6.2. Ultraviolet cutoff. Now we first cut off high phonon modes in the /ca-coordinate 
and then we cut off high and low modes in the first two coordinates. The results from 
Subsection 16.11 allow us to choose these cut-offs in a more precise way than in Section [5j In 
particular, we can restrict to phonon modes A: S with \k±\ < )C± and \ks\ < /C3 with 
positive parameters ICj_ and /C3, both smaller than IC. This explains the assumption /C > ^/B 
in the proposition. Eventually, we will choose )C± of order ^/B and IC3 to be comparable to 
a power of Ini? (recall that we chose IC = B{ln B)^'^^^ in the proof of Theorem II. ID . 

Lemma 6.2. For < /C3 < /C we have 

52 



Po^kPo > '^PoHbPo + KiPo{-di)Po 

|fc3l</C3,|fc±|</C 



where 



vr/Cs io 1 + i 
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Proof. Similar as in the proof of Lemma 15.21 we set 



2vr J \k\k3 



Here and in the remainder of the proof all integrals are over {A; G : |A;_|_| < /C,/C3 < |A;3| < 
fC}, unless stated otherwise. We can write, in view of (|6.1|) . 



2vr J \\k\ \k\ J 

= Pol-ids, Z-Z*]Po. 

In the same way as in the proof of Lemma 15.11 we obtain the estimate 

27r y \|A;| |A;| J p 

(6.3) 

for any p > 0. We claim that 

z*z + zz*<:|(|4a,dfc + i) , ^^ = ^J^ ^-'^^""''^t'^t- (6-4) 

Indeed, the expectation (•) in any normalized state satisfies 

Combining the Schwarz inequality and Lemma |6 . II yields 
It follows that 

with 



1^ r,-nr'nBr 

K-z Jo 1 + '"^ 

2 



2vr r,->Clt/2Bj_^t^^j^ 
IC3J0 l + t 4a ' 



To estimate {ZZ*) we note that {aklk^Iy 0*^1) = {o-l'-^k^Il' o-k) + {Ikj_Ik^)^i^ ~ 
can argue in the same way as above. This establishes (|6.4p . 
Now we choose p = Ri, such that by (j6.4p 



^(Z*Z + ZZ*)< jalakdk + ^ 



The bound claimed in the lemma then follows from (|5.12|) and (|6.3p after projecting onto 
the range of Pq and recalling (|6.2p . □ 
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Pn 



Next, we cut off liigh and low plionon modes in tlie first two coordinates. 
Lemma 6.3. For any < /C3 < /C and 1 < IC± <}C we have 

Po^l^Po > Po ^2Hb + K,{-dl) + ^J^ + ^e*'" + ^f"''") dk-{l + 

with Q, = {k : jfesj < /C3, 1 < \k±\ < JC±} and with ki from Lemma\KM and 

For tliis result it is important that we have already cut off high modes in the fcs-direction. 
Otherwise, the bound on k — K2 would be C//Cj_, similarly as in Lemma l5.ll This makes a 
difference since eventually we want to choose IC± of order ^/B and /C3 to be comparable to 
a power of In 5. 

Proof. We continue with the lower bound given in Lemma 16.21 We need to bound the 
contribution of the modes from Jl' = {/c G : |/c3| < IC3,JC± < \k±\ < JC} and Q" = {A; G 
M3 : IfesI <JC3,\k^\ < 1}. 

We begin with Q'. Similar as in Lemma |5. II we set, for j = 1, 2, 

a f ki 



Then for any e > 

where Z denotes the vector (Zi, Z2). Similar as above we can estimate 



Ijt |2 r I rK.3/\ki_\ I 

-dfc < 2 / / ^dtdk± 



and we note that 



Hence, we choose e = 2a7r~^ JC^lCj^ such that 

- (Z* • Z + Z • Z*) < / alakdk + ^ . 
e Jn' 2 

We combine this estimate with (j6.5p to get 
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To complete the proof it remains to estimate the contribution of low modes in Vt" . For all 
A; G we have (a^ + ^/o^eJ■'^'^ /2'n:\k\) (a^ + ^/ae~*^'^/27r|A;|) > and therefore 

^„v"'="^+2vr|A:r ^ 2^ \kf j ^ " An^ ^ \k\^ '^'^ 

a 

~ ~2 ■ 

This finishes the proof. □ 

6.3. Reduction to one dimension. We are now ready to state our first main result in 
this section, namely a lower bound on Pq^^a^-^o in terms of an essentially one-dimensional 
operator. 

Lemma 6.4. For < JC-^ < IC and 1 < K:± < IC let 

/ \ 1/2 

vik3)=l [ \k\-^dkA =V^{ln{lCl+kl)-ln{l + kl)y^\ 

yi<\k±\<K:^ ) 

There are creation and annihilation operators a^^ and d^^ on J-'(L^(M^)) with 

[dks,dl,J = 6{k3 - k';^) , [dk.,,dk'J = [dl^,dl,J=0 /or fcs, 4 G IK 

such that the operator 

i)'^ = K,{-dl) + [ d^dk^dk + ^ / vik^) (dk,e^''^-' + d^e-^'^-^-A dks 

satisfies for B > the estimate 

Poi)KPo > ^2BPo + Poh'^'Po - CPo 
with Ki and K2 from Lemmas \6.2\ and \6.3\ and C = 1 + a/2. 
Proof. We introduce 

Ji<\k^\<Kj_ \k\ 

To verify the commutation relations for and a^^ we write 

["'=3, «fc3] = / f TtL] i^k, al,] e^^'^^-^'^y^^dk'^dk^ 

and note that the right-hand side equals 6{ks — k'^), by definition of v{ks) and the fact that 
[ofc, a^/] = S{k — k'). The other relations are verified similarly. 

Next, by means of the Schwarz inequality, applied similarly as in the proof of Lemma [6.21 
we learn that 



dl^dk-j, < alttk dk± . 

Jl<|fcx|</Cj_ 

The assertion now follows from Lemma [6.31 together with the fact that PqHbPq = BPq. □ 
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6.4. Localization and decomposition. With LemmaEHat hand we can essentially follow 
the strategy of [LT97] to complete the proof of Proposition 15.51 

First, we localize the electron in the xa-direction in intervals of length L > 0, where L is 
a parameter that will be specified later. We fix a non- negative function x S C(5"(M) with 
support in the interval [—1/2, 1/2] that satisfies J^x'^{i)dt = 1. For u G M we put 



Xuit) = 



L 



Then Xu is supported in the interval [u—L/2, u+L/2] and satisfies x^{t)dt = 1. Moreover, 
for all fixed t G M we have /jg \x'u{t)?'du = 
We note that for all f,g £ 



^(/,5^(-r))i.(M) + ^(/>(V/)"),. 

Applying this identity with g = Xu implies 



= {9fA-9f)")m 

Xu{-c)i,)xudu - Wx'fL"'^ 



i\2\ 



'L2( 



and 



Id 



(6.6) 



After localizing the electron we decompose the phonon modes in the /cs-coordinate into M 
intervals of length P = 2/C3/M, where M G N is a parameter to be chosen later. We label 
these intervals by h. We want to group together modes 0^3 that belong to an interval h. To 
do this we have to replace the factors e*'^^^^ by factors independent of /cs. So for each 5, we 
choose a value /c;, G M in the block h. (Later on, we will optimize over k^, but the bound in 
the following lemma is true uniformly for any choice.) Then we get the following estimate. 

Lemma 6.5. For every u G M there are creation and annihilation operators A^^''* and A^^'^ 
on F{L'^{M?)) satisfying 



A 



"■b ' "^b' 

with the following property. For any u GM and < 7 < 1 the operator 
f,(")=^i(-9|) + 5] 



for all blocks b, b' 



(1 - 7)4"^*4"^ + ^V{b) ( ^"^e^'^'"^ 



with V{b) = (Jj^viksfdk^y/^ satisfies 



Xuh^'^Xu > Xui}^^'^Xu 



1x1 



with an error term 
R-- 



\kz\<lC-i 



v{k3fdk3 



\k3\<JC3 



(In {iC^ + kl) -ln{l + kl))dk3. 



Proof. For all k^ €z b and all 2:3 in the support of Xu we have 



PL 

< \{k3 - kt,)ix3 - U)\ < — 



(6.7) 
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To replace k-^ by kb in the definition of f)^*^ we introduce a small parameter 7 > and 
estimate 



+ iy2 "'ti^ksdks 
^ Jb 



k-i(xz-u) 



CL).,^ I dk 



from below. We complete the square and using (j6.7p we obtain a lower bound 



This allows us to estimate 



Xu^^'^Xu >K'lXu{-di)Xu + (1 - 7) / afcaflfca ^^3xS 



7M2 



(6.8) 



For each block b we define new creation and annihilation operators A^^^* and A^^^ by 



1 



Similar as in the proof of Lemma 16.41 we can show that these operators satisfy the com- 
mutation relations and A^^* A^^^ < aj^,^dk^. Inserting this into ()6.8p completes the 



proof. 



□ 



6.5. Error estimates. In view of Lemma 16.51 it suffices to analyze the operator \)^\ We 
emphasize that the operators ^["^ and ^["^* introduced above are properly normalized boson 
modes. Thus we can use coherent states as in |LT97] to estimate the operator . 
We work under the assumptions 



< /C3 < /C , 1 < /C_L < /C , and ki > 



(6.9) 



and emphasize that these will be satisfied by our final choice of parameters. 

Similarly as in jLT97j (see also |Ghal2] for the one-dimensional case) we obtain (for a 
suitable choice of /cb) 

/-M, (6.10) 

where 



/= inf 



a 



47r2(l -7) 



Combining (|6.10p with the localization formula (|6.6p and with Lemma 16.51 we obtain 



'%R)lxUu-\WfL-^^I-M-C 



' R-Wx'WL 



'l|2 r-2 



7M2 



POLARON IN A STRONG MAGNETIC FIELD 

Finally, combining this with Lemma 16.41 and the expression for K2 we see that 

^0- 
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Poi)KPo > ^^BPo + IP0-C 



JC3B ICiL^ r. 1 



Our next step is to estimate / from below. To do so we insert the bound 
v{k3f = vr (In (/Ci + k1) - In (l + A;|)) < 27rln/C± 
into the infimum defining / and perform the A;3-integration to get 



(6.11) 
(6.12) 



I> inf 



=1 



2 aln/C_L 



dx3 



a^(ln/Cx)2 
12ki(1-7)2 • 



The last identity used Corollary 13.21 Now under the assumptions 

K , 1 

K — K-\ < — and 7 < — 
' - 2 ' - 2 

there is a constant C > such that we can estimate the right side further by 



/ > 



12^^ 



C 



(ln/C_L)2 f n — Ki 



+ 7 



(6.13) 
(6.14) 



Thus, summarizing (j6.1ip and (I6.14P we have, assuming (16. 9p and (I6.13p . 



c 



12k 
(ln/Cx)2 



K — Kl 



+ 7 + 



-At- + M + -^^R + 



Pn 



We use ()6.12p again to bound 

R= v{k3fdh < 27r/C3ln/C^ 

J\k3\<K:3 

and optimize the resulting expression with respect to L, M and 7 by choosing 
/«V5/c-3/5(in/Cx)-3/5, M = [L-2] and 7 = k^/^ICI^^ (InlC^)-''/^ to get 



a^(ln/C^)- 
12^^ 



Pn-C 



{k — Ki)(ln/Cj 



/C3/^(ln/Cx)3/5 



+ 



A/5 



+ 



Pn 



provided n'^/^JCf^ (InJC^y^/^ < 1/2 and k - ki < k/2. 
A simple bound shows that, as long as B/JC\ > 2, 

8a 



K — Kl 



irfC 



-/C§t/2B 



3 Jo 



1 , C B 



-3 '^3 

We optimize the remaining three error terms with respect to /C3 and IC± (under the 
additional assumption that k is close to one). In particular, we choose )C± = B^^^ and 
/C3 = K-^/'^{lnBf/'^ and verify that the conditions dSj]), (l6l3D . and P//C| > 2 are satisfied 
for B large enough. (At this point we use the assumptions C(lnP)~^/2 < k < InB and 
/C > \/P.) We obtain 

P0f)fc°P0 > - ^^^^ - 5)3/2^ ^ 

which is the bound claimed in Proposition 15.51 The proof is complete. 
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